The virial expansion of a gas is a correction to the ideal gas law that is usually discussed in advanced courses in statistical mechanics. In this note we outline this derivation in a manner suitable for advanced undergraduate and introductory graduate classroom presentations. We introduce a physically meaningful interpretation of the virial expansion that has heretofore escaped attention, by showing that the virial series is actually an expansion in a parameter that is the ratio of the effective volume of a molecule to its mean volume. Using this interpretation we show why under normal conditions ordinary gases such as O 2 and N 2 can be regarded as ideal gases.
I. INTRODUCTION
The ideal gas describes a system of N point particles confined in a volume V without interactions and collisions. The ideal gas law
that relates the volume V to the pressure P and the temperature T of the system (with k the Boltzmann constant) is well-known. In a typical introductory physics course, the ideal gas law is derived by elementary considerations in conjunction with the assertion that the average kinetic energy per particle is 3kT /2. Students are invariably told without explanation that some real gases, for example N 2 and O 2 , also obey the ideal gas law, and end-of-chapter problems are assigned that involve applying the law to these gases. Unfortunately, the implied assertion that the ideal gas law holds in the case of N 2 and O 2 is misguided and misleading. In a real gas the mean free path, the average distance a gas molecule travels between collisions, can be estimated to be of the order of 10 −5 cm so collisions do occur.
This creates an apparent paradox that a gas with inter-molecular interactions satisfies a relation derived for a gas without interactions.
In this Note we address this paradox. We present a simplified analysis of the correction to the ideal gas law when there are inter-particle interactions, and give the result in a physically meaningful expression which shows why the correction can be neglected under usual conditions. The materials we present is not new and can be found in standard textbooks of advanced statistical mechanics (see, for example, [1, 2]). But our discussion is at a level suitable for instructors of a sophomore level introductory physics course who may not necessarily be well versed in the mathematical manipulation in statistical mechanics.
II. THE VIRIAL EXPANSION
The thermodynamics of a gas system is described by an equation of state relating the parameters T, P, V of the system. The equation of state for a system of gas particles is formulated and obtained from applications of principles of statistical mechanics. For a gas system with inter-particle interactions described by an internal potential energy in the form of two-particle interactions, the statistical mechanical analysis is quite complicated involving lengthy mathematical manipulation. Therefore, we first summarize our main result, which is followed by some details of the statistical mechanical analysis.
For a gas with two-body interactions, the analysis using statistical mechanics leads naturally to an equation of state in the form of a density expansion,
where ρ = N/V is the particle density. The expression (2) eff and we can write
where c 2 , c 3 , · · · are constants (see below). Therefore, (2) is in fact an expansion in the dimensionless variable
which is the ratio of the effective volume v eff of a molecule to its mean (per-particle) volume
Combining with (4), the virial expansion (2) can be written as an expansion in ℜ in the form of
Equation (5) rewrites the virial correction (2) to the ideal gas law in a physically meaningful form which appears to have heretofore escaped attention.
Under normal conditions the ratio ℜ is very small and in addition, because of the convoluted form of the k-fold integrals, the coefficients c k also diminish as k increases. It follows that the equation of state (5) is a rapidly converging series in ℜ, and reduces to the ideal gas law (1) under normal conditions.
The situation is illustrated by considering the hard sphere gas, a gas composed of impenetrable spheres of radius a with no other interactions. The effective volume of a gas particle is taken to be the volume of the sphere,
In this case the integrals in B k can be exactly evaluated either in closed form or numerically.
As described in the next section, carrying out the integrals we obtain c 2 = 1/2, c 3 = 5/32, · · · [see (20) below] giving rise to the expansion
For O 2 , as an example, the ratio ℜ can be estimated by using the hard sphere model with a = 1.5 × 10 −8 cm and v mean = (22, 400 cm 3 )/(6.023 × 10 23 ), where the denominator is the Avogadro number, or one mole, of molecules which occupy 22,400 cm 3 at standard conditions. This yields ℜ = 0.000380, indicating (7) is indeed a fast converging series. For the purpose of homework in introductory physics courses, therefore, the equation of state (7) of a real gas is well approximated by the deal gas law (1).
III. THE EQUATION OF STATE
We now return to the analysis of the equation of state with an outline of the statistical mechanics arguments involved. We suggest that even readers not well versed in the subject will find this section illustrative
In the canonical ensemble formulation of a gas in statistical mechanics, the pressure is given by
where A = −kT ln Z N (V, T ) is the Helmholtz free energy of the system and Z N is the partition function defined by
Here p i and r i are respectively the momentum and coordinate of the i-th particle having
i /2m and U are respectively the kinetic energy and internal potential energy of the system. We have also λ = √ 2πmkT obtained after carrying out the momentum integrations in (9). For the ideal gas U = 0 and the spatial integration in (10) yields a simple factor V N . Thus we obtain the ideal gas law (1) after substituting (10) into (8).
For real gases with inter-molecular interactions, the computation of (10) is quite complicated. It is commonly assumed that particles interact with pairwise 2-body interactions
where V (r ij ) = V (|r i − r j |) = V (r ji ). An example is the Lennard-Jones potential [3] V (r) = 4ǫ
where ǫ is the depth of the potential and σ the finite distance at which V (r) = 0.
In the case of 2-body interactions, the partition function (10) can be analyzed by using the method of cluster expansion of Mayer and Mayer [4] . However, while the desired equation of state is for a fixed N, the evaluation of pressure (8) is tractable only in the grand canonical ensemble for which N is not fixed. This difficulty is resolved in statistical mechanics with the introduction of a fugacity z into the grand canonical formulation, with the fugacity eventually eliminated after a long tour de force mathematical manipulation to recover N. 
Discussions of this twist in most text
which is of the order of O(1) in v eff and vanishes for large r ij , one has 
and generally Particularly, the diagrammatic representation of B 2 , B 3 , B 4 are shown in Fig. 1 . Note the duplicity factor 3, 6, 1 in terms in (14).
The factor 1/V in the integrals (15) is canceled by one of the k-fold volume integrations.
For example, in the evaluation of B 2 one introduces the change of integration variables dr 1 dr 2 = dr 1 dr 12 and carries out the integration dr 1 = V to obtain
which is of the order of v eff since f (r) is of the order of O(1) only in a region of r in v eff and vanishes for large r. For the Lennard-Jones potential (12), we can take without loss of generality,
which is the volume of a sphere of radius σ. c k is a constant . The substitution of
eff into (2) now gives the virial expansion in the form of (5).
In the case of a hard sphere gas where molecules are impenetrable spheres of radius a, the interaction can be represented by the potential V shown in Fig. 2 or, algebraically,
with the hole function
The effective volume of a hard sphere gas particle is taken to be the volume of the sphere
The evaluation of virial coefficients for hard spheres has a long history (for a review see 
as in (7) or, equivalently, 
IV. SUMMARY
We have introduced in Eq. (5) a simple and concise derivation of the virial correction to the ideal gas law. The results are presented as an expansion in terms of a parameter ℜ which is the ratio of the effective volume of a molecule to its mean (per-molecule) volume.
This physically meaningful interpretation of the virial expansion appears to have heretofore escaped attention. For real gases, the parameter ℜ is extremely small under usual conditions and therefore the equation of state effectively reduces to the ideal gas law. Thus treating gases such as O 2 and N 2 as an ideal gas in homework problems is justified. But more important is the fact that the material we have presented is not accessible to undergraduate students in an undergraduate textbook. Yet we feel that it can be understood and the material considerably broadens their horizon concerning physics and science in general.
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